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SUMMARY 
isturbing function due to certain tesseral harmonics 
(m,n) for (1,5), (2,5), (3,5), (4,5), (5,5), P , G ) ,  (2,6), (3,6), (4,6), 
15), ana (14,15) is given both as a function of Keplerian ele- 
ments of a satellite and as a function of the rectangular 
coordinates. 
(5,6), (6,6), ( 1 9 7 ) 2  (2,713 (3,7)9 (4,7), (5,7)9 (697), (13,13)> (13, 
. 
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THE DISTURBING FUNCTION FOR 
SOME OF THE HIGHER DEGREE TESSERAL HARMONICS 
INTRODUCTION 
The disturbing function for certain higher degree tesseral  harmonics is 
given a s  a function of the Keplerian elements of the satellite and also in te rms  
of the rectangular coordinates. The higher-degree tesseral  harmonics (m,n) 
that may be of importance, based upon experimental evidence, a re  the following: 
(1,5), (2,5), (3,5)Y (4Y5), (535)Y (196)Y (2,619 (3,G)Y (4,6), (5,6), (6,6), (137)Y (2,7), 
(3,7), (4,7), (5,7), (6,7)Y (13913)Y (13Y15)Y and (14315). 
THE FORCE FUNCTION 
The force function U of the earth at a point whose spherical coordinates a re  
(r,+,A) in an earth centered rotating coordinate system may be expressed a s  
o r  
where ae is the e a r t h ' s  equator ia l  radius. 
Here, only terms for which m # 0 a r e  considered, and Pi") (sin 4 )  is the 
Legendre associated function defined by 
d"+" (x2 - 1)" 
P;"' (x) = - (1 - x2)T 
2" n ! dx"+* 
The relationships between the constants in the force function expressed in 
the different forms of Equation (1) and Equation (2) a r e  
1 
For convenience. use is made of the normalized constants SL"). C("'), and 3:") 
where 
and where 
The disturbing function for the tesseral  and sectorial harmonics is then 
a? n 
n - 2  m-1 
or 
THE DISTURBING FUNCTION AS A FUNCTION 
O F  THE ORBITAL ELEMENTS 
If one makes use of the following relationships between the spherical co- 
ordinntes nnd the Keplerian elements (a,  e. i, d ,  g. h) and t rue anomaly, f ,  of the 
satellite, 
s in  4 = sin i sin( f + g )  
2 
+ . . . . . .  
+ cos i ) ( l  - cos i ) m - l  COS (m - 2 ) ( f  9 )  
+ (m: 1)'' [ 
- m(h - k9hrn ))] 
t (1 - cos i)" cos m ( f  t g - h t O : " ) ) }  
where 0;") = k(")+ Greenwich Sidereal Time, then the disturbing function for the 
harmonics being considered is 
R : 5.0176690 x 10 Js;l)a'  {2(1 t c ) ( l  + 28c - 42c2 - 84c3 + 1 0 . 5 ~ ~ ) .  
r 6  
) *cos(f  + g t h - di , 1 )  
+ 2(1 c ) ( l  - 2 8 ~  - 42c2 t 84c3 t 1 0 5 ~ ~ ) .  
'cos (f +. g -. h t d;')) 
- 7 s 2 ( 1  c ) ( l  6c - 15c2) cos(3f t 3g t h  - L 5  
- 7 s 2 (  1 - c ) ( l  - 6~ - 15') cos (3f t 3g - h t ,:1 )) 
- ( 1  + ~ ) ~ ( 1  - 12c + 15c') sin (3f 3% t 211 - 28, ( 2 ' )  
t 5.4197019 x IO-’ p7k3)a2 { 6 s Z ( 1  t c ) ( l t 6 c - 1 5 c ’ )  cos ( f t g t 3 h - 3 8 Y ) )  
r6 
+ 6 s 2 ( 1  - c ) ( l  - 6c - 15c2)cos(f t g - 3h t 3863)) 
( 3 )  - ( l t c ) 3 ( 1 3 - 5 4 c t 4 5 c ’ ) c o s 3  (f t g + h - 8 ,  ) 
- ( 1 - c ) 3 ( 1 3 + 5 4 ~ t 4 5 C 2 ) C O S 3  (f + g - h t O i 3 ) )  
- 9 s 2 ( l  t c ) ~  cos (5f t 5g t 3h - 
- 9 s 2 ( 1  - c ) ~  cos (5f t 5g - 3h 38i3))} 
P7:4)a2 
t .22993848 S {2S2(1  t c ) ( l  - 5 c )  s i n ( f  t g + 4 h - 4 8 k 4 ) )  
r 6  
( 4  ’) t 2 s 2 ( 1  - c ) ( l  + 5 c ) s i n  ( f + g - 4h + 48, 
t (1 t C > 3  ( 3  - 5 c )  s i n  (3f t 3g  + 4h - 48L4)) 
t (1  - C)3(3 t 5c )  s i n  (3f t 3g - 4h t 48k4)) 
t ( l  t ~ ) ~ s i n ( S f  + 5 9 + 4 h - 4 8 i 4 ) )  
t (1  - c ) ~  s in  5f t 59  - 4h 48(i4))} 
psi 5 ) as  
t7.2712932 x e (1Os4( l  t c)cos (f t g t 5 h -  S O Y ) )  
r 6  
t 1oS4( l  -c )cos  (f t g - 5h t 5 B y )  
t 5 s 2 ( 1  t C ) ~ C O S  (3f t 3 g  t 5 h  - 5 d L S ) )  
+ 5 s 2 ( 1  - q 3 c 0 s  (3f + 3 g - s h t 5 f 9 ; 5 ) )  
t ( l t ~ ) ~ c o ~ S  ( f t g + h - f 9 i s ) )  
~ ( ~ - C ) ~ C O S ~  
5 
pT:2 ) a: 
r 7  
t 2.5512103 x {20s2(1 - 18c2 + 3 3 c 4 ) c o s 2 ( h - Q ~ ) )  
- (1 t ~ ) ~ ( 1 7  - 1 0 8 ~  - 9 0 c 2 t  6 6 0 ~ ~  - 495 c 4 )  
‘cos2 (f t g t h - B L 2 ) )  
-. (1 - c ) ~  (17 t 108c - 90c2 - 660c3 - 495 c 4 ) .  
. c o s 2 ( f  - g - h ; O ,  ( 2 )  ) 
t 6 s 2 ( 1  t ~ ) ~ ( 1  - 22c t 33c2)cos (4f t 4 g  t 2h - 2i1k2)) 
t 6 s 2 ( 1  - ~ ) ~ ( 1  t 22c t 33c2)cos (4f t 4 g  - 2h t 2HQ2’) 
t 33s4(1 t C ) ~ C O S  (6f t 6 g  t 2h - 2 B y ) )  
t 3 3 s 4 ( l  - c ) ~ c o s ( ~ ~  + 6 g - 2 h + 2 H i 2 ) ) }  
p J k 3 ) a E  
t 5.1024807 x S / - 2 0 s 2 c ( 3 -  l l ~ ~ ) s i n 3 ( h - - H 6 ~ ) )  
r ’  c 
t 3( 1 t c ) 2 (  3 t 5c - 55c2 55c3)sin (2f t 2g t 3 h - 30: 
+ 3( 1 - c ) ( 3 - 5c - 5% - 55c ) s in (2 f t 2g - 3 h + 30 
- 6(1 t c ) ~  (2  - l l c  t l l c 2 )  s i n  (4f t 4 g  t 3h  - 3 H k 3 ) )  
)) 
-6(1 - ~ ) ~ ( 2  + l l c  t 1 l c ’ ) s in  (4f t 4 g  - 3h t 38‘;)) 
- l l s 2 ( 1  t ~ ) ~ s i n ( 6 f  + 6 g + 3 h - 3 H : 3 ) )  
- 11 s2 (1  - c ) ~  s in (6 f + 6 g - 3h  3bJk3 )
G 
- 5s2(1 t ~ ) ~ ( 1  - 22c t 33c’)cos (2f t 2g t 4 h  - 4Hk4) 
- 5s2(1 - ~ ) ~ ( 1  t 22c t 33c2)cos ( 2 f  + 2 g  - 4 h  t 4 d i 4 ) )  
- 2(1 + ~ ) ~ ( 1 3  - 44c -t 33c2)cos (4f t 4 g  t 4 h  - 4.‘:”) 
-2 (1  - ~ ) ~ ( 1 3  t 44c t 33c2)cos ( 4 f  t 4g  - 4 h  t 4 Q i 4 ) )  
- l l s 2 ( 1  + C ) ~ C O S  (6f + 6 g  t 4 h  - 46‘:)) 
- l l s 2 ( 1  - C ) ~ C O S  6 f  t 6 g  - 4 h  t 40k4))} 
( 5 )) + 5s2(1 t ~ ) ~ ( 1  - 3 c ) s i n  (2 f t 2 g  t 5h - 5 8 ,  
t 5s2(1 - ~ ) ~ ( 1  t 3 c ) s i n  ( 2 f  t 2 g  - 5h  t 5fi;”’) 
t 2 ( 1  t q 4 ( 2  - 3c) s in  (4f t 4 g  t 5h - 566’)) 
+ 2(1 - q 4 ( 2  t 3c) s i n  (4f + 4 g  - 5h + 5 Q ~ ” ’ )  
t ( 1  -t c)’ s i n ( 6 f  t 6 g  + 5h  - 566’)) 
t ( 1  - c ) ’ s in  (6f t 6 g  - 5 h  t 5 0 ~ ” ) ) )  
7 
iiJg )a ,6 
r 7  
+ 3.7841009 x {20s6 cos 6(h - 
t 15s4(1 $- c ) ~  cos (2f t 2g t 6h - 60;") 
t 15s4(1 - c ) ~  cos (2f t 2g - 6h t 60;") 
t 6s2(1 + c ) ~  cos (4f t 4g t 6h - 60L6)) 
+ 6s2( 1 - c ) ~  COS 4f + 4g - 6h + 68, 
+ ( I  +c ) ,  cos 6 ( f  t g t h - 0 L 6 ) )  
t (1 - c ) ,  cos 6 (f t g - h t 8L6))} 
( 
+ 2.5016970 x i;JS1)aa {S(1 + c ) ( 5  t 270c - 405c2 - 1980c3 + 2 4 7 . 5 ~ ~  + 2574cs 
r a  
- 3 0 0 3 ~ ~ )  . COS f t g t- h - 8, 1 )) ( 
( 
+ 5(1 - c)(5 - 2 7 0 ~  - 4 0 5 ~ ~  + 1 9 8 0 ~ ~  + 2 4 7 5 ~ ~  - 2574~' 
- 3 0 0 3 ~ ~ )  - cos f t g - h  + 19; ' ) )  
- 9s2( 1 +c)(9 + 132c - 330c2 - 572c3 + 1001c4)* 
cos (3f t 3g t h - 0: ')) 
- 9s2(1 - c)(9 - 132c -. 330c2 + 5 7 2 ~ ~  + 1001c4)* 
- cos (3f + 3g - h + 8;')) 
t 33s4(1 t c)(5 t 26c - 91c2) cos (5f + 5g t h - @;I))  
t 33s4(1 - c)(5 - 26c - 91c2) cos (5f t 5g - h t (1; '  )) 
8 
- 429s ( 1 t c ) cos (7 f t 7 g t h - 0s )) 
- 429s6(1 - c)cos (7f t 7 g  - h t e, . 
t 6.1278811 x 
. .  r 8  
pJ”a‘ s { 5( 1 t c)( 15 - 45c - 330c2 t 550c3 t 715c4 - 1001c5)- 
sin (f t g t 2h - 20(:)) 
t 5(1 - c)(15 t 45c - 330c2 - 550c3 t 715c4 t 1001c5). 
sin (f t g - 2h t 20i2’) 
- 3( 1 t c ) ~ (  19 - 176c - 66c2 t l144C3 - 1001c4) 
- s i n  (3f t 3 g  t 2h - 
- 3( 1 - c ) ~ (  19 t 176c - 66c2 - ll#c3 - 1001c4). 
-sin 3 f  t 3 g  - 2h t 28i2) )  ( 
t l ls’(1 t c ) 2 ( 1  -52c t91c2) s in (5 f  t 5 g t 2 h - 2 8 : 2 ) )  
t lls’(1 - ~ ) ~ ( 1  t 52c t 91c2) s in  ( S f  t 5 g  - 2h t 20:2)) 
t143s4(1 tc ) ’s in(7f  t 7 g t 2 h  -28:2’) 
t143s4(1-  c ) 2 s i n  7 f  t 7 g - 2 h t 2 8 i 2 )  
t 4.3330662 x pJi3)ae7 (5s2(l  t c ) ( 9  t 132c - 330c2 - 572c3 t 1001c4). r 8  
.COS (f t g t 3h - 
9 
t 5 s 2 (  1 - c ) ( 3  t 15c - 39c’ - 91c’)sin (f t g - 4 h  t 4 0 7 ) )  
t 3 ( 1  t ~ ) ~ ( l  t 33c - 117c’ t 91c’)sin 3f t3g t4h-49‘ ; ‘  
t3(1 - c P ( l  - 33c - 117c2 - 91c’)sin ( 3 f  + 3 g - 4 h + 4 H i 4 ?  
- ( I  t ~ ) ~ ( 2 5  - 104c t 91c’)sin 5f + 5 g + 4 h - 4 8 : 4 )  
( 
) ( 
- ( I  - ~ ) ~ ( 2 5  + 104c t 91c’)sin 5f + 5 g - 4 h t 4 H : 4 )  
1 0  
- 13s 2(  1 t c ) s in  (7 f -t 7 g + 4 h - 4 0: 
- 13s2(1 -  sin (7 f t 7 g  - 4h + 40i4))} 
)) 
. 
{ 5s ( 1 t C) ( 5 + 26c - 9 1 ~  ) cos (f + g t 5 h - 5 B( 7 ’ ) ) 
pJa ’ ) a,’ 
I-8 
t 1.4371155 x 
t 5s4( 1 -c )( 5- 26c - 91c ) cos (f t g - 5 h + 5 8;’ ) 
- 3 ~ ~ ( 1 t ~ ) ~ ( 1 1 - 7 8 c t 9 l c ~ ) c o s  ( 3f t3gtSh-Sd:’)  
- 3 s 2 ( 1  - c ) 3 ( 1 1 t 7 8 c + 9 1 ~ 2 ) c o s  ( 3f t 3 g - 5 h t 5 t J i 5 )  
- ( 1  t c)’(43-130ct91c2)cos 5(f t g t h -  d:’)) 
- ( 1  -c)’(43t130ct91c2)cos S ( f t g - h t  0; ’ ’ )  
- 13s2(1 t C ) ~ C O S  (7f t 7g + 5h - 58:’)) 
- 13s2(1 - C ) ~ C O S  (7f t 7 g  - 5h + 58:’) 
11 
1 2  
t (1 t c > 6  s in  (7 f t 7 g t 6h - 6 8; ) 
7f t 7g - 6h + 68:s))) 
1 3  
{1716~’~(1 t c)cos  ( f t g + 13h - 136(13)) 13 p J 1 3  ae t 3.5313941 x loe4 
r14 
t 1716s” (1 - c )cos  f t g - 13h t 1381i3)) 
t 1287slo(l t C ) ~ C O S  (3f +3g + 13h - 136:)
t 1287s1’(1 - C ) ~ C O S  (3f + 3g- 13h 1381:~)) 
t 715s8(1 t C ) ~ C O S  (5f t 5 g  t 13h - 138i:3)) 
t 715s8(1 - c)’ cos (5f t 5g - 13h t 138,, 
t 286s6(1 t c ) ~  cos (7f t 7g t 13h - 130i:3) 
t 286s6 (1 - C ) ~ C O S  (7f t 7g - 13h t 138;:”) 




t 78s4 (1 - C ) ~ C O S  9f t 9g - 13h t 138,, ( 1 3 ) )  ( 
( 
t 13s2 (1 t c)ll cos (11 f t llg t 13h - 13013 
+ 13s’ (1 - c)ll COS 11 f t llg - 13h t 13013 
f (1 t c )  cos 13 (f t g t h - 
t ( 1 - c ) 
( 1 3 ) )  
0(13))  
cos 13 (f + g - h t 8 ( 
1 3  ))} 
t 6 .5686033~  'J' ' )a' (429s ' 2 (  1 t c) (  13 + 58c - 435c2 ) c o s  (f + g + 13 h - 13 i l l  , 
r 1 6  
t 42% ' 2(  1 - c)(  13 - 58c - 435c 
- 1001s' O( 1 t c ) ~  ( 1 -5 8 ~  t 1 4 5 ~ ~  ) . 
* c o s ( 3 f +  3gt13h-13iY15 ( 1 3 ?  
- 1001 s ' ( 1 - c ) ( 1 t 58c t 145c ) . 
-cos (3f + 3 g - l 3 h t 1 3 1 ~ , ,  
' ( I 3 ) )  
- 1001s ( 1 t c ) ( 7 - 58c + 87c ) - 
cos (5f t5g+13h-13Bi:3)) 
- l O O l ~ ~ ( 1 - ~ ) ~ ( 7 t 5 8 ~ t 8 7 ~ ~ ) *  
* C O S  ( 5 f  + 5 g - 1 3 h t 1 3 d i i 3 ) )  
-91s6(1 +c)7(83-406c t 4 3 5 ~ ~ ) .  
) cos (7 f t 7g t13h-13Ci :3 )  
-91s6( 1 - ~ ) ~ ( 8 3 + 4 0 6 c  t435c2)- 
cos (7 f t 7 g - 13 h t 13 d \: )) 
-91s4(1 + ~ ) ~ ( 4 9 - 1 7 4 c t 1 4 5 c ~ ) .  
13 
-9ls4(1-C)9(49 t174c t145c2).  
-cos  (9f t9g-13ht138i :3 '  7 
- 7s2( 1 t c) '  ' (227 - 638c + 435c2) 
cos ( l l f  + l lg+13h-13hi :3) )  
- 7s 2(  1 - c ) ' ' ( 227 t 638c t 435c 2 ,  
* c o s  (llf +11g-13ht138i :3))  
- ( 1  t~)'~(323-754ct435c~)cos 13 ( f tg th -8 i :3 ) )  
- ( 1 - c )  ' 3 (  323 t 754c t 435c2) cos 13 (f t g - h t 8: i 3  )) 
-29s2( 1 t c ) I 3  cos (15 f t 1 5 g  t 13h-  138i:3)) 
- ~ ~ s ~ ( ~ - c ) ' ~ c o s  15f t 1 5 g - 1 3 h t  138,, ( (,,))I 
pJj:4)a;5 
+ 5.0024992~ s { 429s ' 2(  1 t c )( 1 - 15c) s i n  (f i g t 14 h - 14 t i  ::" )) 
r16 
t 4 2 9 ~ ' ~ ( 1 - c ) ( l  t 1 5 c ) s i n  ( f t g - l 4 h t 1 4 1 ? ( , ~ ) )  
t 1001s ' (14) )  
t 1 0 0 1 ~ ' ~  ( 1  - c ) ~ (  1t 5c) s i n  (3 f + 3 g - l 4 h  t 
( 1 t c ) 3( 1 - 5c ) s i n  (3 f + 3 g t 14 h - 14 0 
- 




t 1 0 0 1 ~ ~ ( 1 - c ) ~ (  1 t 3 c )  s i n  (5f t 5 g - 1 4 h  t 148 15 
(14) )  
t91s6(1 t ~ ) ~ ( 7 - 1 5 c ) s i n ( 7 f  t7gt14h-148i :4 ' )  
t 91s6( 1 - c ) ~ (  7 t 15c) s i n  (7 f t 7 g-  14h t 148; i4 I) 
t 91s4 ( 1 + c )  '( 3 - 5c ) s in  (9 f t 9 g t 14 h - 14 8: : 
)) 
t 9 1 s ( 1 - c ) ' ( 3 t 5c ) s in  (9 f t 9 g - 14 h t 14 8 : )) 
t 7s2( 1 tc )" (  l l - 1 % )  s in( l1  f t 11 g+14h-148i:4') 
t 7s2( 1 -c)"( 11 t 15c) s in( l1  f t 11 g - 1 4 h t  148:i4') 
t ( 1  t c ) I 3 (  13-15c) s i n  (13f t 1 3 g t  14h-148:Y)) 
t ( 1  -c)13( 13+15c) s in  (13f t 1 3 g - 1 4 h t  148i:4)) 
t ( 1  t c ) 1 4 s i n  (15f t 1 5 g  t 14h-1481:4)) 
15 f t 15g-  1 4 h t  148 15 
where 
s = sin i 
c = cos i 
15 
THE DISTURBING FUNCTION AS A FUNCTION 
OF THE RECTANGULAR COORDINATES 
If one makes use of the following relationships between the sperical co- 
ordinates and the rectangular coordinates of a satellite 
m - 3  C O S ~ $ C O S  mh = - 1 [xm -(:) xmm2 y2 + .  . . + (-1)T(mm3)x3 Y m n 3  
r m  
+ ( - 1 ) v  xy"-l](m odd) 
rn-3 
1 [(T) x"-l y .$) xm-3 y3 + . . . + ( - 1 ) T  ( ) x2  ym-2 cosrn ,) sill m X  1 - 
r m  
m-2 
then the disturbing function as a function of the rectangular coordinates is 
5 
( x 4  + y 4  + 8 z 4  + 2x2y2  - 1 2 x 2 z 2  - 12y2z2) ( C i l ) x  +S(')  P at. R : 1.6056541 - 
r l l  
I 1G 
. 
P Z  a: 
t 8.4963227 - 
r l l  
P a: 
I-' z a: 
P a: 
t 1.7343046 - 
r l l  
- s  
t 17.3580313  [c:4)(x4- 6 x 2 y 2  t y4)  t 4S(;') (x3y - xy3)] 
r l l  
t 2.3268138 - [cis) (x5 - 1 0 ~ 3 ~ 2  5xy4) ~ 3 5 ~ 4 ~  - 1oXzy3 y5)]  
r l l  
t 2.0653390 - ( 5 x  4 t 5 y  4 +8z4+ lOxZy2  - 2 0 ~ ~ ~ ~ ~ ~ ~ y z z 2 ) ( ~ ~ ' ~ x  t S y )  P Z  a: 
r l 3  
6 
t 1.6327938 - p'ae (x4 t y4 + 16z4 t 2x2y2  - 16x2z2  - 1 6 y Z z 2 ) .  
r13 
[e" (XZ - y2) + 2 36'' x.1 
- 7 3 )  
PZ a: 
P a: 
P =  af  
t 3.2655876 - r13 (82'- 3x2-  3 y 2 )  [ck3)(x3 - 3 X Y 2 )  t s, (3x2y - y3)] 
t 1.7886360 - ( l o z z  - x2 - yz)  (x4 - 6 x 2 y 2  + y4)  4g64)(x3y - xy3)] 
r13 
t 8.3894465 - [ck5)(x5 - 1 0 x 3 ~ 2  sXy4)  +sk5) (5x4y - 1oXzy3 
r13 
P a: 
t.32021721 - ( 6 4 ~ ~ -  5x6-  5y6-15x2y4-  15x4y2 - 240x2z4+ 120x4z2-240y2z4 
r15 
17 
P Z  a: 
t ,78436878 - ( 4 8 ~ ~  t 1 . 5 ~ ~  t 15y4 t 3Ox2y2 - 80x2 z2 - goy2 22). 
r15 
PZ a: 
t 3.6790157 - (10z2- 3 x 2 - 3 y 2 ) ~ ~ ) ( x 4 - 6 x 2 y 2 + y 4 )  s(:)(x3y - x y 3 j l  
I-15 
P a: 
'1.8395078- (12z2-x2  - y 2 ) ~ ( ~ ) ( x 5 - 1 0 x 3 y 2  t 5xy4)  
r15 
t715x4y9- 78x2y" + y")] 
18 
i . .  
* . .  
UNNORMALI Z ED COEFFICIENTS 
The disturbing functions given above have been written in terms of the nor- 
malized coefficients JL" '  and c:") and S',"' . It is also possible to obtain these 
disturbing functions in terms of the unnormalized coefficients. To do this for 
the disturbing function a s  a function of the rectangular coordinates, simply re- 
move the bars  over the c:") and $$,"') and replace the truncated decimal of the 
(m,n) term by the rational number indicated in Table I. 
To find the unnormalized disturbing function written as a function of the 
orbital elements simply replace the T,!,"') by J A " )  and replace the truncated 
decimal of the (m,n) t e rm by 1/2" times the rational number indicated in Table I. 
1 9  
Table I 
m, n 
1 5  
2 5  
3 5  
4 5  
5 5  
1 6  
2 6  
3 6  


























6 6  
1 7  
2 7  
3 7  
4 7  
5 7  
6 7  
13  13 
















(n  tm- l ) !  ! 
1 - ( n  + m -  l ) !  ! 
2 
(n  tm) ! ! 
. .  
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